Methods are developed to study the problem described in the title. Improvable lower bounds for the first eigenvalue are obtained for the low velocity-thin pipe wall case. It is shown that the eigenvalue changes from real to imaginary as the fluid velocity increases through a "critical" velocity. It is the methods which we wish to emphasize in that while we discuss them only for the present problem they are very general and especially powerful when applied to differential equations with constant coefficients.
Introduction.
The problem we wish to consider reduces to the study of the eigenvalue problem for the differential equation uJV + kvV1 + ivfiv} -j9 2u = 0, together with appropriate boundary conditions. At first glance one might think that the problem is not very difficult in that the differential equation has constant coefficients. However, the problem possesses several difficulties: (1) the problem is not self-adjoint; (2) one coefficient is imaginary; and (3) the operator is a nonlinear function of the eigenvalue parameter /3. The first two difficulties rule out the possibility of a variational approach to the problem, as can be proven using the results of [2] . The third difficulty is formidable and represents the novel feature of the problem.
The present paper is concerned with the method of integral equations only formally different from the methods of [3] .
From the symmetrization [9, pp. 145-150] of Green's function for the low velocity case, one can deduce the existence of an infinite number of real eigenvalues from the theorems of Iglisch [4] , In the high velocity case, Green's function is a classical Schmidt kernel and hence has only real eigenvalues, j32. We assume the existence of eigenvalues in the general case; to prove this assumption is by no means a simple matter.
We concern ourselves here with a simply supported pipe but the method applies to any of the boundary conditions for beams.
2. Historical background. The problem of determining the lowest frequency of vibration of a pipe containing flowing fluid was first studied in connection with vibration of the Trans-Arabian Oil Pipeline. The partial differential equation governing the transverse vibration of a pipe considered as a beam was derived from Hamilton's prin-*Received February 27, 1969; revised version received August 10, 1970 . Portions of this work form part of the thesis [1] . Both authors are indebted to the National Science Foundation and the University of Delaware Research Foundation for financial support. ciple by Housner [5] . The equation was separated assuming harmonic time dependence, e'e', and put into the following nondimensional form by Long [6] :
where u is the transverse deflection, v is the dimensionless flow velocity, and k is a constant essentially determined by the geometry of the tube. Roman numerals indicate differentiation with respect to x (0 < x < 1), and 0 is the eigenvalue. Niordson [10] , who studied the vibration of the plenstock tubes of the Aswan Dam, also derived (1) from shell theory as the special case of a tube whose cross-section is unchanged in the deformed state (i.e., a tube which vibrates as a beam). Conventional power series solutions for (1) were investigated by Ashley and Haviland [7] and Long [6] . Their work showed that it was necessary to use extreme care in evaluating the resulting high-order determinants in order to obtain correct results. Long found that flowing fluid caused a small decrease in the frequency of vibration but no damping. Handelman [8] used perturbation techniques to determine the behavior of the eigenvalues without first solving the differential equation. He found that at low fluid velocity the eigenvalue remained real and decreased slightly as the velocity increased, while at high fluid velocity the eigenvalue approached zero and then became complex as the velocity increased. Thus, Handelman concluded that above a certain "critical" velocity the tube will be unstable due to exponential time dependent terms. Handelman's results also agreed with those of Niordson.
The purpose of this paper is to describe methods of integral equations which provide improvable lower bounds for the eigenvalues of differential equations which are nonlinear in the eigenvalue parameter. Lx is the operator adjoint to Lx, and P(u, G) is the bilinear concomitant of u and G. Since Lx = d*/dxi + kv2d2/dx2 + ivfid/dx is not self adjoint, G(x, y, 13) will not be symmetric in x and y. Now, Lx is a differential operator with constant coefficients so Gx(x, y, 0) = 2i-i a.e"'1 and G2(x, y, /3) = bieaiX where a,-, i -1, 2, 3, 4, are roots of a + kv2a -ivfta = 0. Clearly = 0 and a2, a3 , and a4 are roots of the cubic a + kv2a -ivfi = 0. These roots can be determined by radicals, and will be linear combinations of (_vY fcvy V 4 27 / Calculations involving these radicals will be extremely cumbersome unless either ftV/27 can be neglected relative to ii2j32/4 or i>2/32/4 can be neglected relative to fcV/27. Thus, we consider two special cases:
(1) kV 27 «^|-and (2) kV 27 » \vjL The data given by Ashley and Haviland [7] for the Trans-Arabian Pipeline show that kS 27 3 X 10" v2I32 thus pipelines of practical interest will clearly be covered by case (1), the low velocitythin wall case. It is important to note that for any particular pipe problem, both geometry and fluid velocity must be specified before the appropriate special case can be selected. The low velocity-thin wall case can be used only if 4&V/27 « :r4 for the particular pipe under study.
In the low velocity-thin pipe wall case, |fcV/27| <JC \v28?/4\, the roots of the cubic are: a2 = (/3v)1/3e'l/6, a3 = (/3w)1/3e'5l/6, and at = (/3n)1/3e,9r/6, corresponding to the differential equation u7V + iv/31 -ftu = 0.
In the high velocity-thick pipe wall case, |fcV/27| » |w2/32/4|, the roots of the cubic are: a2 = 0, a3 = ikl/2v, a4 = ik1/2v, corresponding to the differential equation
The rest of this paper will be primarily concerned with these two special cases. 4. Low velocity-thin pipe walls. For pipes with thin walls and low fluid velocities we have , kV 4 27 so that the roots of the cubic a3 + kv2a -iv/3 = 0 are:
Most pipelines of practical interest will be covered by this case. For low velocities we expect /3 ~ /30 where /30 = tt2, the lowest eigenvalue for a beam with simply supported ends. If we define |4fcV/27| <5C |/32| to mean that |4fc3t,4/27| < (.01)tt2, we can compute for a given pipe (i.e., a given value of k) the maximum dimensionless flow velocity for which this case is valid. These results are given in Table I . The Trans-Arabian Pipeline Green's function can be written:
G&, y, P) = (6, + c.) + (b2 + c2)e" + (6S + c3)ebI + (6, + c4)e", 0 < x < y < 1,
G2(x, y, 0) = + b2e" + b3ehz + b^e", 0 < y < x < 1, where c,-= a{ -, i -1, • • • 4, and where c,(y, /3) are determined by the continuity of G, dG/dx, and d2G/dx2 and the jump discontinuity of d3G/dx3 at x = y. We note that the determinant of the coefficients of the equations used to determine c; ,
The parameters a, b, and c are always distinct in the low velocity-thin pipe wall case. Thus, the integral equation (2) The eigenvalue equation of (6) is 1 + /32(dii + a22) + /34(aiid22 -a21a12) = 0,
where *1 = f Xh(x, P)Yk(x, P) dx.
Jo
Only the first few terms of the eigenvalue equation expanded as a power series in p are needed to obtain lower bounds for the first eigenvalue using Spiegel's formulae [11] . In order to obtain all of the terms of the eigenvalue equation of order /34, the terms of an and a22 of order p2 and the constant terms of a12 and a21 were calculated from the series expansions of C{y), D{y), E(x), and F(x) and inserted in (7) 
Application of Spiegel's first formula to (11) shows that the first zero of A will occur at (ift)2 > 8!/2. Since A ^ 0 in the low velocity-thin pipe wall case, (8) The lower bounds given by (13a) and (13b) are analytic functions of a real variable v (v > 0) which can be used to bound ft for all velocities for which the low velocity-thin pipe wall case is valid. From (12) and (13a, b) it is clear that ft is real and decreases very slightly as v increases. The maximum dimensionless velocity for which (13a) and (13b) are valid is restricted by the parameter k, but the lower bound does not depend on k explicitly. Thus, for sufficiently small dimensionless velocities all pipes will show the same decrease in ft for a given dimensionless velocity. Handelman's low velocity results [8] also show that ft decreases as v increases; however, his perturbation procedure indicates a strong direct dependence of ft on k, namely:
(I+ TeV" (14) Fig. 1 is a graph of ft versus v showing the lower bounds calculated from (13a) and (13b), the perturbation estimates calculated from (14) for pipes with k = 0.4 and k = 1.0, and experimental data given by Long [6] for a simply supported pipe with k = 0.4. Fig. 1 also shows a lower bound for ft calculated by neglecting the v* term in (13b):
In the important case of k -0.4, it is clear from Fig. 1 that both (13b) and (13c) provide better lower bounds for the experimental data than that provided by the perturbation estimate (14) . (In this case the perturbation estimate apparently is also a lower bound but this is not known a priori.) In particular (13c), which depends only on v2, provides a very accurate lower bound for experimental values of ft for much larger values of v than does (14), which also depends on v~. Previous experience [13] , [14] has shown that for problems with well-separated eigenvalues the bounds obtained by Spiegel's second formula are generally accurate to two more decimal places than those obtained from Spiegel's first formula. This is shown by comparison of the approximations to tt2 given by (10a) and (10b). The bound on fa given by (13b) can be further improved by calculating the terms of order f36 and applying Spiegel's third formula [11] . These calculations are not prohibitively difficult and can be expected to give extremely accurate lower bounds for fa . 5 . High velocity-thick pipe walls. In this case Green's function is independent of /3 and is given by:
Gx(x, y) = (h + a2x + a3e°" + a4e-<", 0 < x < y < 1, G2(x, y) = &! + b2x + b3e°x + &4e"°x, 0 < y < x < 1, where a = ikl/2v and the eight coefficients are uniquely determined. Since the operator L[u] -ulv + kv2u11 with boundary conditions, it(0) = u( 1) = wn(0) = «"(1) = 0, is self-adjoint, Green's function will be symmetric and /31 will be real for each h [9] . Green's function is
where G{x, y) is singular when a = mi; i.e., when k1/2v -mr, n = 1, 2, • • • . It is clear that Green's function remains symmetric for kv2 > it so that the eigenvalues, , of the integral equation
cannot change from real to complex at this point. Thus, will either be real or pure imaginary for all h. For arbitrary a, a inir, the hypotheses of Mercer's Theorem When kU2v -> t-, ^ 1//3J > 0 while when kI/2v -> 7r+, ^ 1 /< 0. Thus, /3» is real for v < irk~1/2 and at least some 8h are pure imaginary for v > irk~1/2. These results agree with Handelman's perturbation results [8] . For pipes of practical interest (k = 0.4), we expect unstable vibration at fcriticai = irk~1/2 -5.0 (dimensionless). This result conflicts with experimental data given by Long [6] which show stable vibration for pipes with k = 0.4 up to v = 10.0 (dimensionless). We note that (1) was derived under the assumptions of small transverse deflection [5] and nondistortion of the cross-section of the pipe [10] . It would appear that at high velocities these assumptions are no longer justified and that (1) (y) = P2 f {Z Yi(y, P, Xi , X2 , X3 , \i)Xi(x, P)\u(x) dx, and eigenvalue equation of this integral equation can be written down as the determinant of a 4 X 4 matrix. Although general application of the method is straightforward, the most useful results will be obtained when the roots a, b, and c are such that the roots Xi , X2, X3 , \4 are relatively simple. Although the roots of a quartic equation can always be obtained by radicals, these roots -will generally be very complicated. 7. Conclusion. The integral equation methods discussed in this paper and applied to the specific nonlinear eigenvalue problem which describes the transverse vibrations of a tube containing flowing fluid are quite general. Green's function for a fourth order differential operator Lx,p which is an entire function of P can always be written: 4 GAx, y, 13) = X [b,(y, p) + Ci(y, P)]Ui(x, p), 0 < x < y < 1,
G2(x, y, P) -X bi(y, P)Ui(x, P), 0 < y < x < 1, Since the denominator of Ci(y, p) is the Wronskian determinant, (22) can be solved and the first few terms of the eigenvalue equation obtained by the methods of [3] , If Lx,fi has constant coefficients, (22) will be a Volterra integral equation of the convolution type which can be solved by means of the Laplace transform. It is sometimes possible to obtain the exact eigenvalue equation of the problem by this method. Finally, we note that one of us has shown [15] that the eigenvalue equation obtained from the Volterra formulation discussed in this paper has the same roots as that obtained from the Fredholm formulation described previously [3] , and that the lower bounds obtained from the Volterra formulation are either the same or better than those obtained according to [3] .
